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COERCIVITY OF WEIGHTED KOHN LAPLACIANS: 
THE CASE OF MODEL MONOMIAL WEIGHTS IN <C 2 


GIAN MARIA DALL’ARA 
Scuola Normale Superiore, Pisa , Italy 


Abstract. The weighted Kohn Laplacian is a natural second order elliptic 
operator associated to a weight <p : C n —> R and acting on (0, l)-forms, which 
plays a key role in several questions of complex analysis (see, e.g., |Has 2D- 
We consider here the case of model monomial weights in C 2 , i.e., 

<p(z,w):= ^2 \z a w^\ 2 , 

(n.ffler 

where T C N 2 is finite. Our goal is to prove coercivity estimates of the form 
( 1 ) □(£ > p , 

where /x : C n —> R acts by pointwise multiplication on (0, l)-forms, and the 
inequality is in the sense of self-adjoint operators. We recently proved in 
(Dall5| how to derive from (£Q) new pointwise bounds for the weighted Bergman 
kernel associated to <p. 

Here we introduce a technique to establish CD with 

p.(z, w) = c(l + |z|“ + \w\ b ) {a,b> 0), 

where a, b > 0 depend (and are easily computable from) P. As a corollary we 
also prove that, for a wide class of model monomial weights, the spectrum of 
Dtp is discrete if and only if the weight is not decoupled , i.e. I contains at least 
a point (a, 0) with a ^ 0 ^ /3. 

Our methods comprise a new holomorphic uncertainty principle and linear 
optimization arguments. 

1. Introduction 

1.1. Motivations and goal of the paper. Since the work of Hormander |Hor65l . 
many results in several complex variables have been established where a key role 
is played by a (typically, plurisubharmonic) weight p : C ra —> R. In particular, an 
effective way of estimating the Bergman kernel of a weakly pseudoconvex domain 
in C n+1 is to consider first the same problem on the model domain associated to a 
plurisubharmonic function ip : C" -A R: 

ftp := {(z,z n+ i) £ C n+1 : 3(z n+ i) > 93 ( 2 )}, 

which, after a reduction to the boundary and a Fourier transform in the 
variable, leads to the consideration of a weighted Bergman kernel in C" (see IHas98| h 
The adjective “weighted” refers to the fact that the underlying measure is e~ 2<p 
times Lebesgue measure (see Section 12.41) . Typically one works under some finite- 
type assumption on domains, and hence on weights, the prototypical case being 
when ip is a plurisubharmonic non-harmonic polynomial. 

Many papers are dedicated to Bergman kernels on domains and weighted Bergman 
kernels on C n : the situation is well-understood when n = 1 (see, e.g., jNR.SW89] 
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and IChr9lO . and there are satisfactory results when n > 2 if the domain or the 
weight satisfies some auxiliary assumption (e.g., it is convex |MS94j . MS97 . its 
complex Hessian has comparable eigenvalues II Koe02l . it is decoupled [NSOfij . or 
geometrically separated [00141 1. 

Despite the rich literature, the case of a generic plurisubharmonic non-harmonic 
polynomial weight ip : <C n —> R is far from being understood, and it is expected to 
raise delicate algebraic and geometric questions. A significant step in this direction 
has been taken recently by Nagel and Pramanik m, who obtained pointwise 
bounds for the diagonal values of the Bergman kernel of when ip is, in the 
author’s terminology, a model monomial weight , i.e., 

<p(zi,...,z n ) := K 1 -"C‘| 2 > 

a=(ai,...,Q! n )Gr 

where T C N™ \ {0} is finite and non-empty. 

We recently proved in [Dal 15] that pointwise bounds for the weighted Bergman 
kernel relative to ip : C n —> R can be obtained whenever the weighted Kohn Lapla- 
cian □<£,, a second order elliptic operator naturally associated to ip and acting on 
(0, l)-forms, is known to be /K-coercive, i.e., 

(2) n v > p 2 , 

where p : <C” —> R acts by pointwise multiplication on (0, l)-forms, and the in¬ 
equality is in the sense of self-adjoint operators (see Section 12.11 for the precise 
definitions). The estimate we get for the weighted Bergman kernel is characterized 
by an exponential decay which depends quantitatively on p (see Section 12.41 for 
details). We highlight the fact that coercivity conditions like ([2]) are often useful in 
the study of elliptic operators, and have other interesting consequences (see, e.g., 
Theorem [S] in the following). 

The goal of this paper is to establish @ when ip is a model monomial weight in 
C 2 , and with 

p(z,w) = c(l + \z\ a + \w\ b ) (a, b > 0), 

where a, b > 0 depend (and are easily computable from) T. This is somehow the 
simplest class of weights that falls outside the scope of the existing literature. 

1.2. Structure of the paper. After defining rigorously weighted Kohn Lapla- 
cians, /r-coercivity (Section 12.11) . and model monomial weights (Section 12.211 . we 
state our theorems in Section HOI Section liO relies on IDall5i to deduce estimates 
on the weighted Bergman kernel associated to model monomial weights in C 2 . 

The proofs of our theorems are outlined in Section [3] and consist of two main 
ingredients: a linear optimization argument which exploits the specific algebraic 
nature of our weights (Section [4]), and a more general holomorphic uncertainty 
principle , which we introduce in Section [5] The two ingredients are put together in 
Section [0] where the proofs are concluded. 

1.3. Acknowledgements. The present paper is part of the Ph.D. research the 
author conducted at Scuola Normale Superiore in Pisa, under the supervision of 
Fulvio Ricci (see [Dall4j l. The author would like to thank him for the many useful 
discussions about the subject of this paper. 

The author is very grateful to Alexander Nagel for teaching him a lot of harmonic 
and complex analysis during two visits to the University of Wisconsin, Madison, 
in 2011 and 2014, and in particular for many careful discussions about the results 
presented here. 
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2. Definitions and statement of the results 


2.1. Weighted Kohn Laplacians and /i-coercivity. Let ip : C n —> K be a C 2 

f d 2 \ U 

plurisubharmonic weight. This means that the complex Hessian H v = y Q z &z k J 
is everywhere non-negative, i.e., 

{H v (z)v,v)> 0 \/z G C n , veC n . 

We begin by introducing the weighted L 2 space 

L 2 (C n ,ip) := |/ : C" -> C : J \f\ 2 e~ 2v < +ooj . 

We denote by L 2 0q ^(C n ,(p) the Hilbert space of (0,g)-forms with coefficients in 
L 2 (C n ,tp). Since we will be working only with forms of degree less than or equal 
to 2, we confine our discussion to these cases. Adopting the standard notation for 
differential forms, we have that L fo,o) (C n , ip) = L 2 (C n , ip), 

■=\u= Y : u o e Vj 

[ \<j<n 

and 


i (o, 2 )( c ”> V) : = < w = Y w jk dzj A dz k : w jk G L 2 (C n ,tp) Vj, k 

I l<j<k<n 

For the norms and the scalar products in these Hilbert spaces of forms we use the 
same symbols || • \\ v and i.e., if u,u G L 2 0 we have 

IMI^ = 5 ' ll u tllyj) (m,m) v = y ' ( Uj,Uj) v , 

l<j<n l<j<n 

while if ui, wi G L 2 0 2 -j(C ra , </?), we have 

IMl£ = 51 IKfcH?” = 55 { w ok,w jk ) v . 

l<j<k<n 1 <j<k<n 

This ambiguity should not be a source of confusion. 

We now introduce the initial fragment of the weighted d-complex: 


(3) 


L 2 ( C" l¥ >) A Lf 0il) (C",^) -A L 2 0 2 ^(C n , <p). 


The symbol 5 denotes as usual both the operator 5 : L 2 (C n ,ip) —1 L 2 0 ^ (C n , <p) 
defined on the domain 

Void) := {/ G L 2 (C n , (p) : G L 2 (C n ,<p) Vj 

by the formula df = JT ^Ldzj, and the operator d : L 2 0 1 ,(C",y>) —>• 2 )(C”, ip) 

defined on the domain 

■Di(d) :=]« = £ £ L (o,i)( C ”> ¥>) : || - e L 2 (C n , <p) Vj, k 


by the formula 5 m = J2 j<k (§§j - §=£■) dzj A dz k . 
The weighted 5-complex (Jd]) is a complex, i.e., 


( 4 ) 


df G 2?i(5) and 55/= 0 V/ G X> 0 (5). 
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Taking the Hilbert space adjoints of the operators in ([3]) (as we can, since the 
operators are closed and densely defined), we have the dual complex: 


L 2 (C n , V ) Lf 0A) (C n ,p) L 2 02 )(C n , ip). 

We use the index tp in the symbols for these operators to stress the fact that not 
only the domains V i(3* ) C L 2 Q JC", ip) and X>2(<9*) C L^ 0 2 )(C", ip), but also the 

formal expressions of d^ depend on the weight ip. We omit these formulas, since 
they will play no direct role in what follows. 

Definition 1. The weighted Kohn Laplacian is defined by the formula 

: = + dd* v 

on the domain 

P(D V ,) := {it G L 2 01) (C n ,p) : u G T> 1 (d)nT> 1 (d* v ), du G T> 2 ( <9*) and <9*u G T> 0 (d)}. 

The weighted Kohn Laplacian is a densely-defined, closed, self-adjoint and non¬ 
negative operator on L^ 0 l ^(fC n ,p). The details of the routine arguments proving 
this fact can be found in IHasl4l . 

Finally, let us introduce the quadratic form 


( 5 ) 


v ) ~ dv )v + (K, u > K v )v>, 


dehned for u,v G T>(£ v ,) := T>i(d) D Vi(d v ). Notice that, by definition of Hilbert 
space adjoints, 

(n v u, v) v = £ v (u, v) Vit G Vu G V[£ v ). 

We will simply write £ v (u) for £ v (u,u). 

The well-known Morrey-Kohn-Hormander formula gives an alternative expres¬ 
sion for £ v (u). In order to state it, we identify the (0, l)-form u = Y^j= i u j c ^j with 

the vector field u = (ui,..., u n ) : C" — > C n , so that ( H v u , u) = ]T)' 1 k=1 ufuk- 

The Morrey-Kohn-Hormander formula is the following identity: 

(6) £ v (u) = [ 1 9 k i 

J,k Jcn 

A proof may be found in IHasl4 (or ICS011 . for the similar unweighted case). 
Identity © reveals the fundamental role played by H v in the analysis of D^. 

We conclude this section with the key notion of /i-coercivity, that already ap¬ 
peared in our previous paper mm- 

Definition 2. Given a measurable function p : C n —► [0,+oo), we say that is 
p-coercive if the following inequality holds 


|2„-2y? 


+ 2 


/ {HcpU, 

J o 


>) 


,-2 tp 


Vu G%). 


( 7 ) 


£<p{u) > \\pu\ 


Vu G D{£ v ). 


In view of ©, /i-coercivity is equivalent to the estimate 

(8) V' f \dkUj\ 2 e~ 2ip + 2 f (H ip u,u)e~ 2ip > f p 2 \u\ 2 e~ 2v Vu G V{£ v ). 
jjf J c» J o J o 

The concept of /Lt-coercivity is a very natural one in the theory of elliptic opera¬ 
tors. One can think of it as a spatially localized spectral gap condition (the usual 
spectral gap condition corresponds to the case when p equals a positive constant). 
The following lemma shows how a qualitative information on the spectrum of 
may be deduced from /i-coercivity. 
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Lemma 3. Assume that is /. i-coercive for some p such that 

lim p(z) = +oo. 

z —y oo 

Then the operator has discrete spectrum. 

We recall that we say that a self-adjoint operator has discrete spectrum if its 
spectrum is a discrete subset of R. consisting of eigenvalues of finite multiplicity. 


Proof. This is essentially contained in Hasllj . where the author proves that \2 V 
admits a compact inverse N v if and only if for every e > 0 there exists R < +oo 
such that if 


u G 'D{£< P ) is such that £ v (u) < 1, 

then 



This condition is clearly equivalent to ^t-coercivity for some p diverging at infinity. 
To conclude the proof, recall that a compact operator has discrete spectrum and 
that if the inverse of a self-adjoint operator has discrete spectrum, the same is true 
of the operator itself. □ 


2.2. Model monomial weights. Let us specialize to n = 2. We use z and w as 
coordinates on C 2 . 

Definition 4. IfTC N 2 is finite, we define the model monomial weight associated 
to T as follows: 

(pr(z,w) := ^ \z a w /3 \ 2 V(+w) £ C 2 . 

(«,/3)er 

A model monomial weight is said to be decoupled ifT C N x {0} U {0} x N. 

A model monomial weight is said to be homogeneous if there are m, n > 1 for 
which the following two properties hold: 

(1) {(m, 0), (0, n)} C T, 

(2) every {a, ft) £ T lies on the line segment connecting (m, 0) and (0 ,n), i.e. 

(9) na + m/3 = nm V(o;,/3)£T. 

Model monomial weights are sums of moduli squared of holomorphic functions, 
and thus they are plurisubharmonic. 

Of course one could consider the analogous definitions in C n , associating a model 
monomial weight to any finite T C N", but here we shall only treat the two- 
dimensional case. 

Any homogeneous model monomial weight is homogeneous with respect to a 
system of not necessarily isotropic dilations, i.e., 

ipr(t™z,t™w) = t 2 <pr(z,w) Vt > 0 and (z,w) € C 2 . 

In our analysis a key role will be played by the two quantities a and r (depending 
on T) defined as the smallest non-negative real numbers such that 

(10) — < — < r V(a,/3) £ T such that a,/3 ^ 0. 
a a 

One can choose two points (oq,/3i) and (a 2 ,/? 2 ) of T such that 

= afi and @2 = tol 2 - 

Notice that a,r < +oo. If ip r is decoupled, then cr and r are set to be equal to 0, 
while if ip r is not decoupled both a and r are always positive. 
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( 0 , 12 ) 


(“2,./32)=(4,9) 


( 8 , 6 ) 


(«i,/3l) = (12,3) 


(16,0) 


Figure 1: The plot of the set F corresponding to the homogeneous model weight 




; + |z| 8 |w| 18 + \wf . In this case a = 4 and r = 


2.3. Our results. We can finally state our two main results. The first states that 
if a model monomial weight is homogenous, the associated Kohn Laplacian is p- 
coercive for a p which can be easily computed from T. 

Theorem 5. Let tpr be a homogeneous model monomial weight. Then D^p is 
Li-coercive, where 

H(z,w) = c( 1 + \z\ a + \w\ T ). 

Here c > 0 is a constant that depends on T. 

The second one is of a qualitative nature and concerns discreteness of the spec¬ 
trum for an almost arbitrary model monomial weight. 

Theorem 6. If ipr is a model monomial weight for which there are m,n>2 such 
that (to, 0), (0, n) 6 T, then the Kohn Laplacian has discrete spectrum if and 
only if ipr is not decoupled. 

This is, to the author’s knowledge, an interesting new phenomenon: as soon 
as a mixed monomial is “added” to a two-dimensional decoupled model monomial 
weight, the spectrum becomes discrete. 

We plan to study the same questions in C n , when n > 3. We expect that our 
arguments should require a significant effort to be generalized to more variables. 
Notice that it is not clear how should a generalization of Theorem [6] look like in 
C 3 : we know by work of Haslinger and Helffer (Theorem 6.1 of [HH07] ') that \H\ V 
has not discrete spectrum when <p(z) = \z\\ 2rni + \z 2 \ 2m2 + \z 3 \ 2m3 . Is it enough 
to “add” a mixed term of the form | z^ 1 z^ 2 z^ 3 ] 2 {a\,a. 2 ,ot 3 ^ 0) to the weight to 
make the spectrum discrete? 


2.4. Pointwise estimates of weighted Bergman kernels. In I Dali 5] (see also 
[Dall4j l we proved that an information about ^(-coercivity of can be converted 
in a pointwise estimate of the weighted Bergman kernel with respect to ip. In order 
to state our result more precisely, we need to recall a few definitions. 

The weighted Bergman space with respect to the C 2 plurisubharmonic weight 
ip : C n —?> K is defined as follows: 

A 2 (C n , ip) := {h : C™ —> C : h is holomorphic and h £ L 2 ( C", <p)} . 
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If h £ A 2 (C n , p), then in particular it is harmonic and satisfies the mean value 
property h{z) = r ^| f B ^_ r ^ h. The Cauchy-Schwarz inequality yields 

(11) \h(z)\ < e^\M<p Vh £ A 2 (C n ,ip), 

r )\ y J B (z,r) 

for any z £ C n and r > 0. This estimate has two elementary consequences: 

(a) A 2 (C n ,ip) is a closed subspace of L 2 (C n ,ip) (by (fill) convergence of a se¬ 
quence of A 2 (C n , ip) in the || • H^-norm implies uniform convergence, which 
preserves holomorphicity). We denote by B „ the orthogonal projector of 
L 2 (C n ,ip) onto A 2 (C n ,ip). 

(b) The evaluation mappings h H > h(z) are continuous linear functionals of 
A 2 (C n ,ip), and Riesz Lemma yields a function K v : C" x <C n —> C such 
that 

h(z) = f K v (z,w)h{w)e~ 2<p ^dJZ(w) Vz £ C", 

J c n 

and K v (z,-) £ A 2 ( C", ip) for every z £ C n . 

The operator B v is called the weighted Bergman projector and the function K v the 
weighted Bergman kernel associated to the weight ip. It is immediate to see that 

B v (f)(z) = f K^z,w)f(w)e- 2 ^ w U.C{w) Vz£C n , 

J C" 

for every / £ L 2 (C n ,ip), i.e., K v is the integral kernel of B v . Since B v is self- 
adjoint, K v (z,w) = K v ,(w,z). 

In |Dall4j . we introduced the class of admissible weights. Those are the weights 
ip such that: 

(1) the following L°° doubling condition holds ( B(z,r ) := {z' : |z' — z| < r}): 

sup A ip < D sup A ip Vz £ C", r > 0, 

B(z,2r) B(z,r) 

for some finite constant D which is independent of z and r, 

(2) there exists c > 0 such that 

(12) inf sup A ip > 0. 

n B{z,c) 

If ip is an admissible weight, the function 


(13) 


p(z) := sup 


> 0 


sup Aip < r 2 

B(z,r) 


is a radius function , i.e., it is Borel and there exists a constant C < +00 such that 
for every z £ C n we have 

(14) C~ 1 p(z) < p(z') < Cp(z) Vz' £ B(z,p(z)). 


See Section 4 of [Dall51 for details. It may be interesting to point out that the 
function p defined by m satisfies the following approximate identity when ip is a 
polynomial: 


(15) 


p(z) ~ min 


d a+ PAip(z) 
dz a dz 13 


1 

|o=H-|/3H-2 


a, 0 £ N n 


where the implicit constant depends on the degree of ip and n. To prove m , one 
can observe that sup B ( Z T .) A tp < r~ 2 is equivalent to J2 a p r 2+ 9 < 1 , 

as a simple Taylor expansion reveals. 

We can finally state the main result of [Pali 51 . 
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Theorem 7. Let p be an admissible weight and assume that there exists 

k : C n -t (0, +oo) 


such that: 


(1) k is a bounded radius function, 

(2) is kT 1 -coercive. 

Then there exists e > 0 such that the point-wise bound 


\K<p{z,w)\ 


< c v(z) +v >M max { K ( z )’ P( z )} e Ed(z,w) 
p(z) p(z) n p(w) n 


holds for every z,w £ C n , where d(z,w) is the distance associated to the Riemann- 
ian metric 


XU 

max{«;(z), p(z )} 2 


(Zj = Xj + iy-j). 


We refer to the paper for the proof and a deeper discussion of this result. 

To see that the information contained in Theorem [5] can be plugged in Theorem 
[3 we prove now the following two claims: 

(1) model monomial weights are admissible, 

(2) (1 + \z\ a + |u;| b ) _1 is a bounded radius function for every a,b> 0. 

To verify the first claim, we begin by noticing that a model monomial weight ip is 
a sum of squares of holomorphic functions, and hence it is C 2 and plurisubharmonic 
(alternatively, this follows from Proposition [5] in Section Q]). 

Conditions (1) and (2) of the definition of admissibility only depend on the fact 
that A ip is a non-negative polynomial on C" = R 2n (n not necessarily equal to 2). 
Let d £ N be the degree of this polynomial. The mappings 

sup |p(it)| and p i—>■ sup [p(u)| 

M<i M<2 

are norms on the finite-dimensional vector space of real polynomials in 2 n real vari¬ 
ables of degree < d on C n = R 2n , and therefore they are equivalent. In particular 
(.z £ C n ) 

sup Aip(u) = sup Ap(z + ru ) 

\u—z\<.2r 1^15^2 

< D sup A ip(z + ru) = D sup A<p(u). 

|tx|<1 \u—z\<r 

This proves condition (1). 

As z varies in C n , the polynomial Aip(z + -) varies on a hyperplane not containing 
the origin of the vector space of real polynomials in 2 n real variables of degree < d. 
To see this, just notice that any of the coefficients of a monomial of highest degree 
of Aip is not affected by translations. Since p i —> supi u i <1 |p(rt)| is a norm, we have 

inf sup A <p(u) = inf sup A p(z + u) > 0, 

* ec » * 6 C »|„|< 1 

that is condition (2). This concludes the proof that ip is an admissible weight. 

To prove the second claim, just notice that the following stronger statement 
holds (if k(z, w) := (1 + \z\ a + I'fal 6 )- 1 ): 

C _1 re( 2 o, wo) < k(z, w) < Ck(z 0 , w 0 ) V(z, w) £ B((z 0 , w 0 ), 1). 

In fact, it is equivalent to the elementary estimate 

(1 + \z\ a + |w| b ) < C(1 + \zo\ a + \w 0 \ b ) V(z,w) £ B((z 0 ,w 0 ), 1). 

Thus, one can apply Theorem[3to deduce new pointwise estimates for K v when 
p> is a homogeneous model monomial weight. See also the proof of Theorem [Gl 




where we establish a weaker /r-coercivity bound with p of the form 1 + |z| d + Iwl 15 . 
By the considerations above, this gives pointwise bounds for weighted Bergman 
kernels associated to more general model monomial weights. 

3. Outline of the proofs 

Proving Theorem [5] and Theorem [6] boils down to establishing /r-coercivity of 
certain weighted Kohn Laplacians for an appropriate p. This is clear for Theorem 
0 while it requires a little discussion in the case of Theorem [G] 

First of all, the “only if’ part of Theorem [G] follows from work of Haslinger and 
Helffer: Theorem 6.1 of 111111)7 states that if the weight is decoupled, then the 
spectrum of the weighted Kohn Laplacian is not discrete (this works for a wide 
class of weights including polynomial ones). Thus we are reduced to proving the 
“if’ part. In view of Lemma [3j it is enough to show that if ip is a non-decoupled 
model monomial weight with (?n,0), (0,n) G T for some m,n > 2, then is 
/i-coercive for some fi diverging at infinity. 


Thus, recalling our goal is the estimate 
(16) 



for every u G T>(£< p ), in two cases: 

(a) when ip is a homogeneous model monomial weight and ^t = l + |z|' T + | , u;| T 
(with cr and r as in Section lT2l) . 

(b) when ip is a non-decoupled model monomial weight with (m, 0), (0,n) G T 
for some m,n> 2 , and /i diverging at infinity (dependent on ip). 

Notice that we use the notation A > B to denote A > cB for a constant c, which 
is allowed to depend only on the weight. 


We now introduce the function: 


Ar(z, w) 


{H vr (z,w)v,v) 

mm — , - 

we€ 2 \{o} \v\ 2 


which equals the minimal eigenvalue of the complex Hessian of and set as our 
goal the estimate for scalar-valued functions 

(17) 

2 

e~ 2tp +2 f ArM 2 e- 2v > f p 2 \u\ 2 e~ 2(p Vu G C£°(C 2 ), 

J c 2 J c 2 

with ip and n as described above. The deduction of m from (ED is a simple 
approximation argument, which we omit. 

The first consequence of (ED is that i s p. _coerc i ve f° r V ~ V^Ar- Unfortu¬ 
nately, this is not enough to establish our theorems: for example, it will be clear 
later that Ar never diverges at infinity. This situation has to be compared to that 
in the theory of Schrodinger operators where the operator — A + V has discrete 
spectrum even if the potential V : —> [0,+oo) does not diverge at infinity. Dis¬ 

creteness of the spectrum of — A + V is in fact well-known (see, e.g. |Iwa861 1 to be 
equivalent to the energy estimate 

(18) [ |Vzt| 2 + f V\u\ 2 >[ n 2 \u \ 2 , 

J«. d jR d Js. d 

for some p diverging at infinity. This fact has to be compared with Lemma [3] In 
this context, it is in virtue of the uncertainty principle that we expect (1181) to hold 
for some p 2 larger than V. 


f 

du 

2 e~ 2v + f 

du 

lc 2 

ifz 

J c 2 

dw 
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Inspired by this similarity, we look for a holomorphic uncertainty principle that 
may serve an analogous purpose for our problem. Notice that the left hand of CZD 
differs from that of ED in two relevant aspects: the presence of the weight and 
the nature of the “kinetic term”, which contains only the barred derivatives and is 
therefore weaker. 

To turn these ideas into actual proofs, we proceed as follows: 

(1) In Section 0] we begin by showing that Ar is comparable to a rational func¬ 
tion of | z| 2 and |w;| 2 that can be computed from T ('Section ld.lD . This is the 
part where we use the specific nature of model monomial weights. Then, 
thanks to this approximate formula and a linear optimization argument 
('Section 14.211 . we split C 2 in regions where Ar is bounded from below by 
different functions of the form |z| 2a |w| 2b , where a, b £ Q. If the weight is ho¬ 
mogeneous we obtain sharp estimates (and as a consequence the statement 
of Theorem [5] is quantitative in nature). 

(2) In Section [5] we introduce our holomorphic uncertainty principle to take 
care of the regions where Ar is too small. 

(3) Finally, in Section [S] we prove ED: outside of a hyperbolic neighborhood 
of the complex coordinate axes whose shape is dictated by the weight ip, 
we use the estimates of Section [4j while on this neighborhood we exploit 
the holomorphic uncertainty principle. 

We would like to highlight the fact that the holomorphic uncertainty principle 
works for weights that are not necessarily polynomial, and in fact we believe that 
some more general formulation of it may hold and be useful for other problems as 
well. 


4. Estimating Ar 

4.1. Approximate formula for Ar- Since ipr(z,w) = i(8)er M 2 “M 2/3 , model 
weights only depend on the squared moduli of the coordinates. In view of this, we 
introduce the polynomial 

(19) Pr(x,y):= ^2 x<X y 0 (a,2/)eR>o, 

(«,/3)er 

and in what follows we think of x and y both as independent non-negative variables 
and as denoting \z\ 2 and \w\ 2 respectively, so that 

Vr(z, w) = pr(\z\ 2 , |w| 2 ) = p r (x, y ). 

This ambiguity will not be a source of confusion. 

We now prove a very useful formula for the determinant and the trace of the 
complex Hessian H vr of a model monomial weight. In order to state it, we associate 
to any T C N 2 four further subsets of N 2 : 

F r := {(a,/ 3) eT: a/ 0 } (r stands for “right”), 

T u := {(a,/3) G T: ,9^0} (u stands for “upper”), 

T (1) := {(a, f3) + ( 7 , S) : (a, /?), ( 7 , 5) £ T linearly independent} — (1,1), 

T (2) := [T r - (1,0)] U [T„ - (0,1)] . 

Here T r — (1,0) denotes the collection {(a — 1, /3) : (a,/3) £ T r }, and the other 
symbols have analogous meanings. Observe that if (a, /?) and ( 7 , S) are linearly 
independent elements of N 2 , then (a + 7 — 1 ,0 + 5 — 1) £ N 2 , and hence F^ 1 ) C N 2 . 

Proposition 8. IfTC N 2 is finite, then 

det(H vr (z,w)) « ip r (i)(z,w), 
tr(H vr (z,w)) « ip r ( 2 )(z,w), 
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where the implicit constants depend only on T. 

In particular, this proposition shows that the model monomial weight ipr is 
weakly plurisubharmonic (i.e., Ar vanishes) on the set where <p r (i) vanishes. Since 
</?p(i) is itself a monomial model weight, this set may be easily determined from 
and may be empty, the origin, a complex coordinate axes {{z = 0} or {w = 0}), or 
{z = 0} U {w = 0}. We omit the elementary details. 


Proof. Let h±, ■ ■ ■ , ft. at : C 2 — > C be holomorphic functions and consider the weight 

N 

‘P '■= y n 2 - 

i= l 

d z d z p = y \dzhj\ 2 , d w d w (p = y \ d whj\ 2 , 

3 3 

dzdzu^p — 'y ] d z hjd w hj , 0 UI 0 z p = ^ ^ hj()- hj . 


We have 


and 


Hence 

clet(.ff v ) — 0 Z 0 z P * d w p f) z Q w ip • d w dz’P 

= 'y ^ 1 0 Z hj () !r hk |~ y ) It z hjd w hjd w hk () z hk 


i.fc 




= -Z y; \d z hj\ 2 \d w hk\ 2 + \d w hj\ 2 \d z hk\ 2 - 2$t(d z h j d w h j d w h k d z h k ) 




— y ) 1 0 Z hjD v ,hi- d w hjd z hk\ 


i.fc 


We also have 


tr (H v ) = dzdzV + d w d w ip = y \d z hj\ 2 + \d w hj\ 2 . 


Specializing to ipr(z,w) := jy / 3 )er \ z0c w^ 1 2 > we obtain (here l.i. stands for “lin¬ 
early independent”): 

det (H vr {z,w)) = i y (a6 - ^) 2 \z a+1 ^ 1 w 0+d ^ 1 \ 2 
(a,p),( 7 ,s)er 

» y i^+7-i^- 1 ! 2 

(a,/3),(7,<5)Gr 1 . i. 

~ W 1 ) (£,«’), 

and 

tr(iL w ( 2 ,uO) = y aV" 1 ^+/3 2 |EV 3 ~ 1 | 2 

(a,B)€r 

» E N“- 1 ”'T + E 

(o:,/3)Gr : a^O (o;, y 0)Gr: /3^0 

« ^ r( 2 )(z,«;). 

It is easy to see that the implicit constants in the approximate equalities above 
depend only on T. □ 


EV 3 - 1 ! 2 
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Since det (H vr ) equals the product of the eigenvalues of H vr , and tr (H vr ) equals 
their sum, by Proposition [5] we have 

(20) tp T (i){z,w) w \ T {z,w) ■ ip r w(z,w), 

for any finite T C N 2 . 


4.2. A linear optimization argument to estimate Ar- If (u, v) G R 2 , we con¬ 
sider the curve in the non-negative quadrant R 2 > 0 

C u , v : t^(t u ,t v ) (t> 1). 

Notice that if (■ u',v') is proportional to (u,v), C UjV and C u ’y have the same range. 
If A C N 2 is finite, using the notation (flT)l) we have 

p A (c u , v (t))= (t u nn p = E t ua+v ^t m -^ (t> i), 

(a,/3)€:A (a,/3 )&A 

where m u , v (A) is the maximum of the linear functional (£, 77 ) K > uf + vp on the set 
iCl 2 , and the implicit constant depends on T and is independent of u, v. 

We are interested in estimating Xr{z,w) when (x,y) = (\z\ 2 , |ui| 2 ) lies on the 
curve C u ,v By formula m, 

Prw (M 2 , |w| 2 ) r * A r (z, w) ■ p r m (|z| 2 , |w| 2 ). 

If (|z| 2 , | to| 2 ) = (t u ,t v ) = C u>v (t) (t > 1), the discussion above gives 

(21) A r (z, w) « t">«..( r(1, )-"*«..(r (a) ). 


We now present our analysis of this optimization problem first in the homogeneous 
case (Proposition [2]), where we obtain more precise results, and then in the more 
general case of the weights appearing in Theorem [5] (Proposition [TT]) . 

Proposition 9. Letpr be a homogeneous model monomial weight. Let m, n, a, r, oq, fii, 02 , 
be as in Section OHil We define the three regions 0 /C 2 : 


Ei := {\z\ > 1, 

E 2 := {\w\ > 1, \w\ v < \z\ < |w|™}, 


and 

E 3 := {|to| > 1, \z\ < \w\ v }, 

where v := n ~^Zf 2 ■ The following approximate identities hold: 


A r (z,w) r 

: \z\ 2 ai \w\ 2 ^ 1 ~ 1) 

V(z,w) G Ei, 

A r(z,w) r 

i M 2(n_1) 

V(z,w) G E 2 

A r (z,w) r 

* |x| 2( “ 2 - 1) | w | 2 ^ 

V(z,w) G E 3 . 


The figure below depicts the regions appearing in Proposition [51 
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y = M 2 


e 3 



■i' - //" 
- x = y™ 


1 


E 1 


1 


Proof. Observe that for homogeneous model monomial weights the definitions of 
rW and r< 2 ) take the slightly simpler forms 

r (1) := {(a + 7,/3 + 5): (a, 0) ^ ( 7 , S) G F} - (1,1), 
r (2) := (r\{(0,n)}-(l,0))U(r\{(m,0)}-(0,l)). 

Fix (u, v) S M 2 such that either u or v is positive: the union of the corresponding 
family of curves C UtV is EiLi E 2 U E 3 . By convexity considerations it is clear that 
the maximum of + vr) on T is attained at (to, 0 ) if um > vn, while it is attained 
at (0, n ) if um < vn. We separately analyze the two cases, assuming without loss 
of generality that to > n. 


Case I: v < —u. We have 

— n 

m u , v (T (1) ) 

and 


um + m u , v (T \ {(to, 0 )}) — u — v, 


m„,„(r (2) ) 


Hence 


max{m U)l) (r \ {(0,n)}) - u,m u , v (T \ {(m,0)}) - u} 
max{wm — u, m UtV (T \ {(to, 0 )}) — t;}. 


(22) TO Uit) ( r«) — m u , v (r (2) ) = min{m tli „(r \ {(m, 0)}) - v,u(m - 1)}. 

It is almost immediate to see that the maximum of u£+vrj on r\{(m, 0)} is attained 
at the point (ai,0i) satisfying = er, which we introduced above. Identity E21) 
becomes 


TO u , w (r (1) ) - m 1ii „(r (2) ) = min{uai + v/3i - v,u(m - 1)}. 
The inequality ua 1 + u0 1 — v < u(m — 1) holds if and only if 


(23) 


v < 


to — 1 — a\ 

A-l 


u. 


This condition depends only on the ratio of u and v, as it should. Observe that 

to to — 1 — OL\ 
n /3i-l 

In fact, the inequality above is obviously equivalent to mn—n > ain+m/3i — m, and 
recalling the homogeneity condition © we see that this is the same as to > n, which 
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we assumed before. This shows that condition (E51) is a consequence of v < ^u 
(since u > 0 in this case) and thus 

(24) TO Ui „(r (1) ) - m Uj „(r (2) ) = uai + vfii - v. 


Case II: u < — v. Proceeding analogously to the case um > vn 7 this time formula 
(121 is replaced by 

JTV„(r (1) ) - m UiV (TW) = min{TO Ui „(r \ {( 0 , n)}) - u, v{n - 1 )}, 

and the maximum of ux+vy on r\{( 0 , n)} is attained at the point ( 02 , fi 2 ) satisfying 
— = r. Hence 


Wu,u(r ( ' 1 )) - m Ui „(r (2) ) = min{ua 2 + vfi 2 - u 7 v(n - 1 )}. 

Here comes the difference with Case I: the minimum above equals ua 2 + vfi 2 — u if 
and only if 


u < 


n - 1 - /3 2 

- I~ v 

a 2 - 1 


but this condition is not automatically implied by the inequality u < ffrV. In fact 

n — 1-/32 < n 
a 2 — 1 ~ m’ 

as may be easily verified using m and the fact that n < m. Thus there are two 
further sub-cases: if 


Oi 2 1 


then 


(25) 

TOu,u(r (1) ) - m Ui „( r (2) ) = ua 2 + vfi 2 - 

while if 

n- 1 - /? 2 . , n 

- V < u < —V 

0L2 — 1 m 

then 


(26) 

TO Ml „(r (1) ) - m U) ^(r (2) ) = v(n - 1). 


Putting (I2T1) . (HH1) . E51) . and E51) together, we conclude the proof. □ 


We state as a separate corollary the consequence of Proposition [9] that will be 
used in the proof of Theorem [5] 

Corollary 10. Let ipr be a homogeneous model monomial weight. Let a and t be 
as in Section 1 2.21 If we define the region of C 2 : 

E := {| z | > 1, \w\ > \z\~ a } U {\w\ > 1, \z\ > |w| _T }, 


we have 

Xr{z, w) > \z\ 2a + |w| 2r \/(z,w) € E. 

The figure below depicts the region E appearing in Proposition [TT] Notice that 
its complement contains two hyperbolic neighborhoods of the coordinate axes. 
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— y = x a 
• y 


E 


1 X 

Proof. Let Ei,E-2,E^,a,T,a\,j3\,a2,l3‘2,rn,n,i' be as in Proposition [9] 

Observe that E^ C E C E\ U E 2 U ^£ 73 . 

If (z,w) £ E n Ei , then \z\^ > |u;| > \z\~ a and, by Proposition [91 
Ar(z,w) » \z\ 2a '\w\^-V > |^|2(ai-«rft+a) = |^| 2 CT 

and 

Ar(z,w) « |z| 2 ai H 2(/3l_1) > |w| 2 (m ai+/3l_1 ) = | w | 2 (™ _1 ). 

In the first identity we used the definition of (au,/3i), while in the second one we 
used ©• Notice that r = ^ < P 2 < n — 1, and hence 

(27) A r (-z, w) > \z\ 2cr + |ta| 2r V(z, w) £ E(1 E±. 

If ( z,w) € E 2 , in particular \z\ < \w\™ and Iwl 2 ^ -1 ) > \z\ 21 ^ < ' n ~ 1 \ Notice that 
|w| > 1 on E 2 and v > 0 and thus \z\ is also > 1. If we show that ^(n — 1) > a, 

we can then deduce that \w\ 2( ' n ~ 1 ' 1 > \z\ 2a . To prove the inequality above one can 

plug in the identity a = ^ and use ©. This, together with Proposition [9] and the 
already observed fact that r < n — 1, allows to write that 

(28) Xr(z,w) > |w;| 2(ri_1) > \z\ 2a + \w\ 2t \/{z,w) € E 2 . 

Finally, if (z,w) € EnE^ then in particular |ui| ™ > |^| > |u>| _T , and Proposition 
[9] yields 

A r (2,117) > |z| 2 (a 2 - 1 V | 2/32 > \w\ 2{ ~ Ta2+T+h) = \w\ 2T 

and 

Ar (z,w) > \z\ 2 ^- 1) \w\ 2h > |^|2(a a -l+*ft) = |_|2( m -l) 

The last identity follows from ©. Since a = ^ < a\ < (to — 1), we have 

(29) Ar(.z, w) > \z\ 2a + |'«;| 2t V(«, w) G E D E 3 . 

Putting (1771) . (ggP , and (1291) together we obtain the thesis. □ 

Let us proceed with the analysis of the weights appearing in Theorem [5) 

Proposition 11. Let ipr be a non-decoupled model monomial weight such that 
(to, 0), (0, n) € P for some m,n> 2. Let a and t be as in Section UTR If we define 
the region of C 2 : 

E := {|z| > 1, M > |z|“ CT } U {\w\ > 1, \z\ > |w| _T }, 

we have 

Xr(z,w) > \z\ 25 + \w\ 2S V(z,w) e E, 
for some S > 0 depending on T. 


V X 
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As anticipated in Section^ the bounds of Proposition[TT]are not sharp in general, 
but they are sufficient for our purposes. 

Proof. We are going to show that if (u, v ) £ R 2 is such that u > 0 and v > —au, 
then 

(30) m u ,„(r«) — m UiV (r (2) ) > i5max{u,v}. 

Recalling ED, this proves that 

A r M>M 24 + M 2 * 

in the region {|^| > 1, |to| > |^| _cr }. By symmetry, this also implies the same 
bound (1501) in the region {|w| > l,\z\ > |w| _T }, and hence the statement of the 
Proposition. 

To prove the claimed inequality, fix ( u , v ) satisfying the assumptions above. We 
distinguish three cases depending on whether the maximum of + vr\ on P is 
attained on the ir-axis, on the y-axis, or on (N \ {0}) 2 . In the analysis of the first 
two cases it will be useful to denote by m and n the largest natural numbers such 
that (m, 0) £ N and (0 ,n) £ T. By assumption, m,n > 2. 

We denote by P Ujt , the subset of T whose elements are not multiples of a fixed 
maximizer of ut ; + vr] on T. It is easy to see that 

(31) TO U ,i;(r (1 )) = m U:V ( P) + TTl uv (P u,v) U V. 

Case I: m UtV (T) is attained on Nx {0}. In this case m Mj „(r) = mu and = P„ 
(recall the definition of r u in Section EE]). Moreover m Ujt ,(r r ) = m UtV (T) = mu. 
By ED, we have 

m M ,„(r (1) ) - TO u ,^(r (2) ) 

= mu + m U:V (F u ) — u — v — ma x{mu — u , m UtV (T u ) — y} 

= min{TO„^(r„) - v , (m - 1 )m}. 

Inequality (1501) is equivalent to the following four inequalities: 

( m — 1 )u > Su, (m — l)rt > Sv, m UtV (r u ) — v > Sv, m u ^ v {T u ) — v > Su. 

Since m > 2, if we choose 6 < 1 the first inequality holds. Since the m u ^ v (T) is 
attained on the x-axis, we also have mu > nv , which implies the second one, if we 
choose 6 < in ^-n. 

To prove the third inequality, we distinguish two cases: v > 0 and v < 0. 

If v > 0, we observe that m UtV (T u ) > nv (since {0} x N C T u ), and nv > (l + (5)u, 
if we choose S < n — 1 (which is a positive quantity, by the assumption n > 2 ). 

If v < 0, the inequality follows trivially from m U:V (T u ) > 0. To see this, recall the 
assumption v > —au. Since tpr is not decoupled, there is an element (ai,/3i) £ P u 
such that ^ = a. In particular, m UtV (T u ) > ua± + vf3\ > 0. 

We are left with the fourth inequality. We observe that 

m. U v[Fu)= max ua + Bv 
(«,/3)er„ 

is a continuous function of v (for u fixed) which is differentiable with derivative > 1 
outside a finite set. Since Su + v has derivative 1 , it is enough to prove the fourth 
inequality when v = —au. By definition of a, m Ui - au (T u ) = 0, and our inequality 
becomes au > Su. Choosing S < a, we are done. 

This completes the analysis of the first case. 

Case II: uT. UtV (r) is attained on {0} x N. In this case v > 0, and necessarily 
u > — tv (recall that u > 0). Thus we can repeat the argument of Case I exchanging 
the role of the two variables u and v. 
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Case III: m u , v ( r) is attained on (N \ {0}) 2 . In this case m UiV (T) = m UiV (T r ) = 
wiii,v(J-'u')i and 

m u ,„(r«) - m u , v {rW) 

= rn U}V (T) + m UiV (T UtV ) -u-v- max{m Mjl ,(r) - u, m UtV (T) - v } 

= m Ui y( r Ui „) - max{«, v). 

Since r u> „ contains the coordinate axis, m Uj „(r U| „) > max{mti,m;}, and we can 
bound the expression above by (min{m, n} — 1) max{u, u}. This completes the 
analysis of Case III, and hence the proof of (1M1) . 

□ 


5. A HOLOMORPHIC UNCERTAINTY PRINCIPLE 


Corollary ITTT1 and Proposition fTTI allow to prove the /i-coercivity estimate (fTTl) for 
every test function u supported on the set 

E := {|z| > 1, \w\ > |z|“ CT } U {\w\ > 1, M > |ui| _T }, 

whenever either p is a homogeneous model monomial weight and fi = l + |x|' T + |w| T , 
or ip is a non-decoupled model monomial weight such that (m, 0 ), ( 0 ,n) g P (for 
some to, n > 2) and /j = 1 + \z\ s + Iwj 15 (5 > 0 ). 

To take care of the complement of this region, and thus to complete the proof 
of Theorem [5] and Theorem [51 we prove in this section the following lemma. 

We denote by D(z, r) the disc of center z £ C and radius r. 


Lemma 12. Let V : D(z,r) — > [0,+oo) be a measurable function and define 

c := inf V(z')- 

z'6D(z,r)\fl(z,f) 

If f € L 2 (D(z,r)) is such that || g L 2 (D(z,r)), then 



The proof is based on a Poincare-type inequality related to the operator and 
an elementary consequence of the Cauchy formula, which we now discuss. 

Put D \= D{ 0,1). It is well-known (cf., e.g., (CSOlj ) that is solvable in L 2 (D), 
i.e., that if g g L 2 (D) then there exists / g L 2 (D ) such that = g and 


I/I 2 


< 


Iffl 2 


ID 


ID 


If / g L 2 (D) is such that |= g L 2 (D), the above solvability result yields / g L 2 (D) 
such that / — / is holomorphic and f D \f\ 2 < f D |§4| 2 - In particular, denoting by 
B : L 2 (D) —> L 2 (D) the orthogonal projection onto the space of L 2 holomorphic 
functions (i.e., the unweighted Bergman projector of the unit disc), we have 

2 


(33) 


\f-B(f)\ 2 < / |/-(/-/)| 2 < 


id 


id 


f 

df 

Id 

dz 


This is the inequality we need. One should compare it with the usual Poincare 
inequality in which J= is replaced by V, and B by f D . Of course one could 
rescale the estimate to apply it to an arbitrary disc. 

The second ingredient is the following inequality, which holds for every holomor¬ 
phic function h : D —» C: 


(34) 


N 2 < 


' D 


lD\iD 


N 2 
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and which follows easily from the Cauchy integral formula. 


Proof of Lemma \12l By a trivial rescaling it is enough to prove the lemma for z = 0 
and r = 1. Let then V : D —> [0, +oo) be such that V > c on D\^D, and / G L 2 (D) 
be such that € L 2 {D). If e > 0 is a small parameter to be fixed later and we 
write / = fi + f e , where f e is zero on and /,; is zero on D\ we have the 
following two possibilities: 

( 1 ) either f D \f e \ 2 > £ f D |/i| 2 , 

( 2 ) or I D \fe\ 2 < £ I D l/d 2 - 

If (1) happens, a significant portion of the L 2 mass of / is contained in the corona 
n \ i D and 

1 


[ d |/e | 2 > | J d \fi\ 2 + \J D |/e | 2 > | J d |/| 


Therefore 


f % +[ V\f\ 2 >( V\f\ 2 > C [ \fe\ 2 >cU 

Jd Jd Jd\\d Jd 2 J D 


I/I 2 


ID 

and (1521) holds. 

If (2) happens, we use (1551) : 


By the linearity of B and condition (2), we have 

j D \f~B{f)\ 2 > I^|/ l -B(/ J )| 2 -^|/ e -i ?(/ e )| 2 


> 


> 


\ J d l/i ~ B{fi )\ 2 - J d |/e | 2 


In the second line we used the fact that 1 — B is an orthogonal projection. 
We claim that 


(35) 


[ l/i-B (/;)| 2 

JD 


> a 


i/d 2 , 


ID 


where a is some small absolute constant. 

Inequality (f35j) immediately implies, choosing £ = f, that 

2 


D 


df 


dz 


+ [ v\f\ 2 > [ |/d 2 > [ |/| 2 . 

Jd Jd Jd 


We are reduced to proving (1551) . In order to do this, we separate the two cases (for 
a new parameter 5): 

a) fD\ iD \m)\ 2 >sf D \M 2 , 

( 2 ) In^nW^KS^lM 2 . 

If (1) holds, 

[ \f> - B(f z )\ 2 > [ \f x ~B(f l )\ 2 = f \B(h)\*>5 f \U\*. 

Jd Jd\\d Jd\±d Jd 


If (2) holds instead, we apply (1551) to the holomorphic function B(ft) to deduce 
that J D \B(fi)\ 2 < 5 f D \fi\ 2 - If we choose S small enough we can write 

j I fi ~ B(f t .) | 2 >\J d |/d 2 - J \B{h) | 2 >\J d |/d 2 . 
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This concludes the proof of (l35l) . 


□ 


Notice how the nature of uncertainty principle of the previous result is revealed 
by its proof: it shows that a function / defined on a disc cannot be concentrated 
on a strictly smaller disc without having a large “holomorphic kinetic energy” 
df 2 

dz 

One should also compare Lemma fl2l with the so-called Fefferman-Phong inequal- 
ities (see, e.g., or [She99] h where c is replaced by some kind of average of V 

on the disc. Notice that one cannot hope for an improvement of Lemma 1 121 of the 
form: 



In fact, if V = 1 on D( 0, \) and V = 0 on D{ 0,1) \ D( 0, 5 ), we can test the 
hypothetical inequality ( 1 M 1 ) on f{z) = z m and obtain 


lD(z,r ) 


4 -m 


m 



which is a contradiction when m tends to + 00 . 


1 

m’ 


6. Energy estimates 

Let r be a model monomial weight. As in Section |4j we put 
E := {\z\ > 1, \w\ > \z\- a } U (M > 1, \z\ > |w| _r }, 
where a = max( ai ^) 6 r u ^ and r = max( Q ^) g p r 
Proposition 13. Assume that there are a, b > 0 such that 
(37) Ar(z,w)>lzl 2a +lwl 2b V(z,w) G E. 

Then 

2 

e~ 2(fi + 2 f \r\u\ 2 e~ 2 ^> f (1 + |z| Q + \w\ b ) 2 \u\ 2 e~ 2 *, 

J c 2 J c 2 

for every u S C%°( C 2 ). 

Putting Corollary[ini Proposition [TU and Proposition[13]together, and recalling 
the discussion of Section [3l the reader can easily see that the proofs of Theorem [5] 
and Theorem [G] are completed. 

Proof. We introduce the uncertainty regions Uq := {0 < \z\, |ui| < 2}, 

U r := {|z| > 1, 0 < |w;| < 2|z| _<T } and U u := {|ro| > 1,0 < \z\ < 2|w| _T }. 

If u e C™(£ 2 ) and fl C C 2 , we put 



We proceed by proving separately the estimate 

(38) F n (u) > f (1 + |*|“ + \w\ b ) 2 \u\ 2 e~ 2 *, 

Jn 

when Q = C/o, U r and U u , the case f 1 = E being trivially implied by the hypothesis 

(El). 


[ 

du 

e ~ 2 V _)_ f 

du 

1 c 2 

dz 

J c 2 

dw 
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Estimate for t/ 0 : By the trivial estimate sup^ z ^ &Uo <p(z,w ) < 1, we have 


F Uo (u) ^ 


>U 0 


du 


dz 


+ 


du 


dw 


>u 0 


Ar|? 


Since Uo = (2 D) x (2D), by Fubini’s theorem and applying Lemma IT2l twice, we 
get (dC denotes Lebesgue measure): 


' (2D) x (2D) 


du 


dz 


du 


dw 


’ (2D) X (2D) 


ArM' 


+ 


> 


/ / 

J2D J2D 

L 


du 


du 


+ Ar(z, w)\u(z, w)| 2 I dC(z)dC(w) 


(2D) x (2D) 


dw 


L 


2D l \ 1< l-s'l< 2 


du 


min Ar(-2 , , , u0 ) / \u(z,w)\ 2 dC(z)\ dC(w) 


12D 


(2D) X (2D) 


/ / 

J 2D J 2D 


dw 


du 

aw iz ’ w) 


+ [ min Ar (z',w) ) \u(z,w)\ 2 I dC(w)dC(z) 


> 


mm 

l<|z'|<2,l<K|< 


Ar(V,'U' / )) [ [ \u(z,w)\ 2 dC(w)dC(z). 

'I< 2 J J2D J2D 


Notice that {1 < \z'\ < 2,1 < \w'\ < 2} C E and hence (liTTl) implies that the 
minimum above is ~ 1. Thus 


u\ 2 e~ 2lp , 


FuM>! H 2 >[ \u\ 2 e~ 2<p > f (1 + N 2 “ + M 26 )I 

JUo J Uo JU 0 

where we used again the fact that |~|, |w| < 2 on Uq. 

Estimate for U r : Notice that tp = (pr u + ip, where ip is a function of z alone. 
By Fubini’s theorem Fu r (u ) > >l I(z)e~ 2 ’^^dC(z), where 


I(z) := [ 
JD\ 


du 


+ X r (z,w)\u(z, w)| e 


2 I p - 2 w„b,i 


'D(0,2|2|—') 

By the definition of tr, if ( z,w ) G U r and (a, f3) G r u , then 

,2/3 


,S> dC(w). 


\z a w?\ 2 = (NfH)“ <(N>I) 2 ^<1, 


where in the first inequality we used the fact that \z\ > 1. Summing over (a,/3) G 
r„, we obtain 

sup ipr u (z, w) < 1. 

(z,w)eu r 

Using this bound and Lemma [12] we obtain, for every z of modulus greater than 
or equal to 1, 


I(z) 


> 


> 


L 


-D(0,2|z| — CT ) 


du 


+ Ar(.z, w)\u(z,w)\ 2 dC(w) 


( , , Pjfh,,, , A rOV)j [ \u(z,w)\ 2 dC(w). 

\M tT <\w'\<2\z\ J Jd(0,2\z\-°) 
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Since the points (z,w) such that |z| > 1 and |tu| > \z\ a are contained in E, the 
hypothesis 6ZD gives 


min \y(z,w') ~ min 

|z|-‘ t <|m/|<2|z|-' 7 |z|-‘ , <|iu'|<2|z|- 


\z\ 2a + \w'\ 2b « \z\ 2a , 


for every |c| > 1. We have 


Fur ( u ) > 


> 


> 


l\z\>l 


l\z\>l 


L 

L 


D(0,2|z|-") 


H*,u;)| 2 d£(u;) e~ 2 ^dC{z) 


-D(0,2|z| — CT ) 


l{z,w)\ 


2 —2ifir u (z,w 


UCiw) e~ 2 ^ z) dC(z) 


[ \z\ 2a \u{z,w)\ 2 e~ 2 ^ z ’ w) dC(z,w) 

JUr 

> f (l + \z\ 2a + \w\ 2b )\u(z,w)\ 2 e- 2 ^ z ' w UC(z,w). 

JUr 

The last step follows from the inequalities \w\ < 1 and \z\ > 1, which hold for any 
(z,w) G U r . 


Estimate for U u : This is done in complete analogy with the estimate for U r , 
exchanging the role played by z and re, and replacing a with r. 

The proof is complete. □ 
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